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CP- Violation in Kaluza-Klein and Randall- Sundrum Theories 
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The Kaluza-Klein theory and Randall-Sundrum theory are examined comparatively, with focus on the five 
dimensional (Dirac) fermion and the dimensional reduction to four dimensions. They are treated in the Cartan 
formalism. The chiral property, localization, anomaly phenomena are examined. The electric and magnetic dipole 
moment terms naturally appear. The order estimation of the couplings is done. This is a possible origin of the 
CP-violation. 
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1. Introduction and Conclusion 

If our present research direction of the string 
and D-brane is right, the unification of various 
forces should be, effectively at some scale, ex- 
plained by some higher-dimensional theory. Then 
it is quite sure that the real world of 4 dimensions 
should be some approximation of the higher di- 
mensional one. It is realized by the procedure 
called dimensional reduction. There are two rep- 
resentative and contrastive approaches, that is, 
the Kaluza-Klein and the Randall-Sundrum theo- 
ries. In the former case, the reduction is achieved 
by the compactification of the extra space, while 
in the latter one it is done by the localization of 
the configuration along the extra dimension(s). 
The two approaches look to have both advantages 
and disadvantages in the phenomenological ap- 
plication. Here we treat them in a comparative 
way and examine their 4 dimensional(D) reduc- 
tion properties. 

We will present the higher dimensional ap- 
proach to the CP-violation mechanism. As was 
stressed by Thirring for the KK model[[lJ, the CP- 
violation naturally occurs also in the RS model. 



next section. The 5D space-time manifold is de- 
scribed by the 4D coordinates x a (a — 0, 1,2,3) 
and an extra coordinate y. We also use the nota- 
tion (X m ) = (x a ,y), (m = 0,1,2,3,5). With the 
general 5D metric g m n- ds 2 — g mn (X)dX m dX n , 
we assume the S 1 compactification condition for 
the extra space: g mn (x,y) = g mn (x,y + , 
where /j, -1 is the radius of the extra space circle. 
We specify the form of the metric as 



ds 2 



g ab (x)dx a dx b + e°W(dy - fA a (x)dx a ) 



(1) 



where g a b{x), A a {x) and a(x) are the 4D metric, 
the U(l) gauge field and the dilaton field respec- 
tively. / is a coupling constant. This specifi- 
cation is based on the following additional as- 
sumptions: 1. y is a space coordinate; 2. The 
geometry is invariant under the U(l) symmetry, 
y^y + A(x), A a {x) -> A a (x) + jd a A. We take 
<j(x) = in (pi) for simplicity. 

We take the Cartan formalism to compute the 
geometric quantities [0. The basis {9^} (p = 
0,1,2,3,5 are the local Lorentz (tangent) frame 
indices) of the cotangent manifold (T*M) and the 
fiinf-bein e^™ are obtained as 



2. Fermions in Kaluza-Klein Theory 

Let us first review the 5D Kaluza-Klein the- 
ory. This serves as the preparation for the same 
treatment of the Randall-Sundrum theory in the 
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r = e a = e a a dx a , e 5 = d y 

-fA a 1 



f A a dx , A a = e a A a , 

e a a 
fA a 1 



where 9 a and e a a (a = 0, 1, 2, 3) are the 4D part of 
e M m and # M respectively. The first Cartan's struc- 



(2) 
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ture equation gives the connection 1-form Co^ v , 



we know G$fi ~ G, j 2 jG^\i. ~ 1 , where G is 



0, < 



f 



u a p = ^ - {f^9 5 , F a0 = e a a e p b F ab , (3) 

where tu a p is the 4D part. 

The 5D Dirac equation is generally given by 



the gravitational constant. This gives / ~ v G = 
10- 19 GeV _1 . On the other hand, we know e = 
/// ~ 1CP 1 . Hence we obtain ^ ~ ~ 
10 18 GeV. Assuming to ~ /i, we can estimate the 
electric and magnetic couplings as 



to e 

e ~ —— ~ 10 
M 



19 



7% m 



<9Y 



ij +ka;')^ 7cr [y,y]-m^r = (). (4) 



GeV- 



10 



-32, 



(10) 



The spin connection above (J) cr ) AI „ is defined by 
o)^ = (lu x Y u Q x . The 5D Dirac matrix 7 M satisfies 
{7", 7"} = 2fp v W = diag(-l,l,l,l,l). For 
simplicity we switch off the 4D gravity: e a a — ► 
5" , oj a p — > 0. The parameter to is the 5D fermion 
mass. In the present case, using @ and (||), the 
eq.(f| says 

{ 7 a (a a + /A Q a 5 ) + 7 5 95 



which is /or below the experimental upper bound 
of the neutron electric dipole moment 6.3 x 10 _26 e 



3. Fermions in Randall-Sundrum Geome- 
try 

We consider the following 5D space-time geom- 
etry§. 



ds 2 



-2<T(tf), 



dy 2 



dX m dX n , 
< 



(5) 



We consider the following form of the fermion: 
ij}(x,y) = e l ^ 5+,iv 'xl)(x) . Here we regard the 
fermion as a KK- massive mode. The angle pa- 
rameter d> is chosen as 



(i 75 M + m)e 21075 = y/rh 2 + /x 2 = M, tan 2<j> = 

Then (g) reduces to 

{ 1 a (d a + ieA a )-M+ 
(m--ie l5 )F abl r °h a ,l b })^^0 , (7) 
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rh 



(6) 



rj ab dx a dx + dy' = g mn 
— oo < y < +oo , -co < x a < +oo, (11) 

where cr(y) is regarded as a scale factor field. 
(Wab) — diag(— 1, 1, 1, 1). When the geometry is 
AdSs, a(y) — c\y\,c > 0. Such a situation, in 
the present case, occurs in the asymptotic region 
of the extra space y — ► ±oo. The 1-form the 
funf-bein e M m and the connection 1-form are 
given by 

9 a = c~ a r] a a dx a 
' ' i 1 1 











16M V /i 

where e = //z is the electric coupling constant. 
We notice, in this expression, the electric and 
magnetic moments appear. 



-v. 
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5 = dy 

1 

-o'e a 

a — n 
/3 - u 



,(12) 



where a' 



dy " 



1 TO 



i 1 
16 M 



eFa^fy.r*]^ (8) 



16 M> 

The first term violate the CP symmetry. Note 
that the second term usually appear, in the 4D 
QED, as the quantum effects. 

Let us do the order estimation. From the re- 
duction of / y/^gC grav = / d 5 X^gR, 



1 2vr 
G 5 (i 



— — I d*xV=g(R-i T F°" 3 F a f l + -..), 



4 



As the fermion model, the (5D) Dirac theory 
@, \p-gC D%rac , is not accepted physically be- 
cause the fermion configuration does not local- 
ize (around y = 0) in the extra space. Nature 
requires the Yukawa interaction between the 5D 
fermion and the 5D HiggsQ. 

Hence we examine the fermion behavior un- 
der the Yukawa coupling with the Higgs scalar: 

yf-§C = ^{C Dlrac + C Y ), C Y = igytpip®, 
where $ is the 5D(bulk) Higgs scalar field and 
gy is the Yukawa coupling. This reduces to 



(9) 



2^)75 



5y e-' T $}V3 = 0. (13) 



3 



A solution of the right chirality zero mode: 
$(x,y) = rp° R (x)r,(y), 75^ = l a d a ^ R = 

, is obtained by 



d v T) = (2a' - g Y ^(y))v 



(14) 



In the far region, the solution behaves as rj(y) = 
const x e -(9YVo-2u)\y\ ^ which shows the expo- 
nentially damping for the large yukawa coupling 
g Y > 2uj/vq. (u> and vq is the asymptotic values 
of u'{y) and $(y) |Q. ) This is called massless 
chiral fermion localization. In the near region, 
rj{y) — const x e^^(9Yv a -2uj)y ^ wn i c h shows the 
Gaussian damping. (1/fc is the thickness param- 
eter of the wall. ) 

Now we analyze the 5D QED, C QED = 



RS geometry: 

C Y) rEM = 



i m , with the Yukawa interaction in 

^Z^vDirac + £ EM + £ QED + 

= -\g mn g H F mk F nl . We assume, 
as in the previous paragraph, g mn and $ are 
the brane background obtained from the gravi- 
tational and Higgs systems: \/—g(£ 9rav + C s ). 

Let us examine the bulk quantum effect. It in- 
duces the 5D effective action S e f / which reduces 
to the 4D action in the thin wall limit. From the 
diagram of Fig. 1 (left), we expect 



< J M >~ eVw*^ XpaT ■ ( 15 ) 



0S eff 

Then the effective action is integrated as 





Figure 1. The left diagram induces the effective 
action o^)t, while the right one induces Sj$j. 
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e 2 g Y 



d»Xe^ XaT <PA»F^F 



(16) 



In the thin wall limit we may approximate as 
$ = $(y) ~ voe(y) where e(y) is the step 
function. Under the U(l) gauge transformation 

5A» = d^A, S^ f changes as 

6 A S$ f ~ e 2 g Y v J d 5 Xe^ A(7T e(y)^AF^F CTT 

= -e 2 g Y v Q I d 4 xA(x)F a ^F afS , (17) 



where F Q( a = e a f3 1 sF~ ,s . In the above we assume 
that the boundary term vanishes. Callan and 
Harvey interpreted this result as the "anomaly 
flow" between the boundary (our 4D world) and 
the bulk[|. 

Through the analysis of the induced action in 
the bulk, we can see the " dual" aspect of the 4D 
QED. 

Another interesting bulk quantum effect is 

given by Fig. 1 (right). The induced effective ac- 

(2) 

tion S^ff is expected to satisfy 



ss. 



(2) 



SF^ 



=< -V >~ eVe^A^c^E^V ■ (18) 



(2) 

Then S^/j is obtained as, in the thin wall limit, 
Sfj f ~ e 2 g Y e fluXaT J d 5 Xd x <fF^^ T ^ 

= e 2 g Y v e a ^ s I tfxF^a^ . (19) 



This term is the " dual" of the magnetic moment 
term of d|). It is a CP- violating term. The cou- 
pling depends on the vacuum expectation value 
of 
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